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ABSTRACT

It has been proved that deduction in propositionnl Ilorn’s clauses syste 1s is
equivalent to [easibility of a lincar program associated to a directed hypc graph (low
model which correspond to the [lorn's clauses systemns. I[lere, we show that bottom
up search is equivalent to solve the lincar program using the Simplex algorithm and
top down scarch correspond to the application of the dual Simplex algorithm.

1. Introduction

[n the last few years, expert systems [7,9,17] have become one of the most
important arcas in artificial intelligence. This technology has been developed
for a wide variety of practical problems resolution, and has been established as
a new programming methodology paradigm. In this way, the knowledge used
building a system transcends programn limits and become part of the data. That
is why expert systems are also called knowledge-bascd systems.

To represent a given knowledge base various schemes such as associative
networks [11], frames [14], rule based models {7,16], and many others, are used.
Such a knowledge base is usually modifiable by user interaction and is handled
by the system in order to produce new knowledge or to check il a given fact is
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a consequence of the represented knowledge. Generally, these operations have
been seen as a particular case of logical deduction and have been treated with
logical methods.

From other point of view, any knowledge representation model is essentially
a combinatorial data structure, since it can be viewed as a discrete set with
some defined combining rules. Now then, a deduction is also a search in such
structure. This leads to the formulation of models for deduction in knowledge-
bascd systems taken from the combinatorial optimization area. Even so, there
are no publications about this use of combinatorial models, but the set-covering
model used for abductive systems by Reggia, Nau, Wang and Peng (21,24,25,26].
However, since this area has grown very fast in last twenty years (19,23], we
believe that the systematic use of this approach will be useful for improving the
efficiency of inference engines, and will establish a positive exchange between
the two disciplines.

In this paper, we deal with propositional Horn clauses. This is not the
most general knowledge representation scheme, but an expressive and widely
used one. A directed hypergraph based model [or Horn clauses systems, which
leads to the equivalence between logical deduction in such systems and a linear
programming problem corresponding to a generalization of flow to directed
hypergraphs lhas been proposed [29]. In this paper we show that bottom up
search is equivalent to solve linear program using the Simplex algorithm with
artificial variables and top down search correspond to the application of the
dual Simplex algorithm.

2. Paths and flows in directed hypergraphs

In order to work with the dual of linear problems formulated on the inci-
dence matrix of a graph, Berge (5] introduced the definition of hypergraph, a
ceneralization of the concept of graph, which consist of a set of vertices and
a family of hyperedges, each one a subset of vertices with cardinality not re-
stricted to be equal to two (as it is on graphs). In this way any matrix with
ouly zero or one valued entries is the incidence matrix of a hypergraph and so it
is its transpose. Usually empty hypercdges are undesized, and isolated vertices
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are also forbidden, in order to assure that the dual holds the same property.

The same idea may be trivially extended to directed graphs, leading to the
concept of directed hypergraphs. This combinatorial model may be uscful for
modelling in a series of applications where a generalization of directed graphs
is needed. For example, directed hypergraphs have been used as an expressive
representation for functional dependencies in databases (2,28, Petri nets [22],
and associative networks [6]. On the other hand, most of combinatorial prob-
lems and some algorithms on directed graphs can also be extended to directed
hypergraphs. ‘

Definition 2.1:  Let V be a finite nonempty set, and let £ C P(V)%. Then the
pair I = (V, L) is a directed hyperyraph, ilf V e € £ such that e = (¢(e), h(e)):

i) tle)nh(e) =9,
i) tle)Uh(e) #0.

Au element of V will be called a vertez and an element of E will be called
a hyperedge or simply an edge when not leading to confusion. Henceforth, the
set of all vertices of a directed hypergraph /I will be denoted as Vi and the set
of all its edges as Eyy, when not leading to confusion the subindex I will be
omitted. If e = (V' V") is an edge of a directed hypergraph, V' will be called
the tail of e, and V" the head of e. The tail of an edge e will also be denoted
as t(e) and its head as A(e). '

Definition 2.2: Let H be a directed hypergraph. Then the incidence matriz

of I will be IT = (h,.:v € V;e€ L), where:

=1 il (v e tle))
hye =<1 if (v € h(e))
0 if (vet(e)Uhle)).

Definition 2.3:  An increasing path from s to s (& > 0) in a directed hy-
pergraph /[ is a sequence of form:

Jy€131€282 ... 3k—1CkIk

where
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i) Vie[0...k] (si € P(V)),

i) Yie(l...k] (e € B),

i) Vie(l...k] (t(e:) S sic1),s

iv) Vie[l...k] (si=sio1 Uh(es)).

Now we present a generalization of the problem of flow in networks [15]
to directed hypergraphs. Most of notation and definitions are extended from
Rockafellar [27].

Definition 2.4: Let H bLe a directed hypergraph. Then a flow F in If isjust
a function of the edges of X into the real numbers, i.e. 17 £ —'R. The value
F(e) will be called the fluz of the edge e. A flow F'is an integral flow iff for all e
in £, the flux of e is integer, that is Range(F) C IN. Fora flow £, the set of edges
with positive flux will be denoted as P(F), i.e. P(F) = {e € £ : F(e) > 0}.
A flow F will be called a nonnegative flow iff it has nonnegative tlux for all
edges.

Definition 2.5: Let /I be a directed hypergraph and let £ be a flow in I.
The divergence function of I is Dive : V — IR, where:

Divp(v)= > Fle)— >  Fle)

{cEE:vEA(e)} {c€EL:vEL(e)}

Note that divergence function for v; can be calculated by multiplying ith
- row of the incidence matrix of £ by the vector £, Therefore:

Lemuna 2.6:  Let H be a directed hypergraph and I' a flow in I, then:

I % F = Divg. a

Since for the scope of this paper only nonnegative ilows are reievant, there-
after whenever a {low appears it will be assumed to be a nonnegative flow.

Definition 2.7:  Let H be a directed hypergraph, V' and V" disjoint subsets
of V,and let £ Le a flow in /. Then Fis an unit flow from V' into V' itl:

i) VeeV" (Dive(v) =1),
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i) VeV —(V'uVv") (Dive(v) =0),
i) VeeE (F(e)>0).

Therefore [ is an unit {low if and ouiy if it is a feasible solution to the
linear program defined in 2.7.

3. Ioru systems and rule hypergraphs

Even when a varicty of knowledge representation schemes exist (7,11,14,16],
perhaps the most precise and general model is given by Symbolic logic. In this
way a knowledge base is simply a well formed formula in a formal logic system.
It is known that any logical formula can be translated to an equivalent one in
clausular form {20]. In a propositional system a clause is nothing more than a
statement of the form: A cpyp = V(pepy P’y where P and P’ are both sets
of atomic propositions, i.e. instances of propositional variables. A formula is in
clausular form if it is a finite conjunction of clauses.

A particular class of clauses, very important for the simplicity of the deriva-
tions with them and their suitableness for expressing most of knowledge, are
HHorn clauses (18] in which there is only one atomic proposition at the right side,
i.e. clauses of the form: /\{peP} p — p'. If a formula is a finite coujunction of
Horn clauses it’s said that it is in Iorn clausular form. Note that a clause of
the form /\{pEP) p — p', where p' € P is a tautology, so any formula in Horn
clausular form can be assumed to have not such clauses.

Definition 3.1: Let P be a set of atomic propositions. Then a Iforn system
S is a pair (P,C), where C is a set of nontautological Ilorn clauses referencing
only the atomic propositions in P.

A Horn system is then naturally modelled by a directed hypergraph with
all edges having a unitary head. In this model vertices represent the atomic
propositions of the system and edges represent the clauses.

Definition 3.2: A directed Iypergraph H is a rule hypergraph iff:

Vee E(lh(e)| =1).
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Any cdge of II will be called a rule and any vertex an atorn of [f. A rule
of the form (T, {vx}) will be denoted as T — vi. Any subset of V' will be an
information state of H.

lien every atomic proposition p of a logical system will be represented by
an atom v, and every clause of the form: /\{peP} p — p' where (p' € P) by a
rule e = V, — vy, where V, = {v, : p € P}. In this way any Horn system §
can be modelled by a rule hypergraph, that will be denoted H(S).

Fagin {12,13] have established that derivation in Horn systems is equivalent
to functional dependencies {1] derivation in a relational database model (8], that
is, Fagin showed that a Iforn clause is logically implied by a given set of Horn
clauses iff the same holds interpreting each clause as a functional dependency.
In other works (2,3,4,28], it’s been established that derivation of functional
dependencies is also equivalent to the determination of membership of a clause
to the closure of the corresponding directed hypergraph.

Now, we introduce a path-based concept of derivation which is equivalent
to deduction in Iforn’s systems [29].

Definition'3.3: Let I Le a rule hypergraph. A derivation of d from O in If,
where d is a vertex and O an information state, is an increasing path, of the
form:

§50€151€2852 oSk —-1€L3k

where:
l) 39 = O,
i) desy-oO.

The edge sequence of a derivation will be called rule sequence. A rule
contained in the rule sequence of a derivation is said to be applied in it. A rule
e i5 said to be applicable given an information state O iff {(e) C O.

Note that the concept of derivation in rule hypergraphs corresponds to that
of logical derivation with Ilorn clauses by modus ponens. If information states
are interpreted as the coujunction of the propositions represented by its atoms,
whicl are assumed to be true, then a rule is applicable if its preconditions are
true, and the set of true propositions after the rule is applied is augmented by

its consequent.
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Note also that the increasing path correspond Lo a bottom up scarch in the
{lorn's system.

Theorvem 3.4 (29): Let S = (P,C) be a Iorn’s system with an information
state O and an atom d. The vertices of H(S) are P and the cdges of H(S) are
C. Let Q be the set of solutions F to the linear program

Dive(d) = L.
V' b ¢ P —(0OU{d}) (Dive(v) =0), and
Ve C(F(e)>0).

Then, the following statements are equivalent:

i) dis deductible from O in S; "
ii)  There is a derivation of d from O in I (S);
i) There exists an integral [ in Q;

iv) Q is not empty. u]

4. Bottom up search and the Simplex algorithin

In this section we will show that the Simplex algorithm with actificial
variables applied to the system @ in Theorem 3.4 behaves exactly as a bottom
up search. Hence bottom up search could be considered a simplex algorithm
which take advantage of the structure of the problem in the same way that the
transportation algorithm does.

Theorem 4.1 Bottom up search is a Simplex algorithm.

Proof.  We prove the theorem by showing, using induction, that the derivation
of d from O,

Jp€131€232 ... 3k—1€Ck3k

is obtained with 39 =and at any pivoting step ¢, e, is the edge corresponding
to the pivot column. This is equivalent to prove that at step ¢ we can pivot in
a column oaly if all the preconditions of this column are in g,_,.
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Note that after adding the artificial variables, the problem is to minimize
the summation of the artificial variables. At any pivoting step, a variable j
could enter the basis only if its transformed cost z; — ¢; > 0, i.e. z; > 0 since
c; = 0 for the real variables.

Let zj = 37, ¢ hij with I © P. Then z; > 0 is equivalent to z; =1 and
h;; =0 for all 7 ¢ I but one 7' with hyj; =1, because Ay s equal to 0, 1 or -1

hod

with exactly one 1. That is z; > 0 iTall preconditions of j are in P\ [.

(i) For ¢t =1, the basis is the identity matrix, hence z; = Eigp_o hij > 0 ilf
all preconditions of j are in O = s,.
Without loss of generality assume that z, = 1 = h.;. Hence, after pivoting,

we have a new basis where is the column of edge e and
i

1 0 1 0
o I 0 [
are the columns of the artificial variables. The path is now Oe(OU{h()}).

(ii) Assume that at pivoting step ¢ we have built the path sgeys)...e-15.-1

and we have rearranged the basis as where are the columns

B
)

B O
O I

? are tlie columns of the artificial variables. Hence

of ey,...,ec—1 and

-1

0] I
We have z; > 0 iff all the preconditions of j are in s,—;. Morcover, if we

and zj = Y\‘ép-“_l h.‘j.

L

the inverse of the basis is

pivot in z; > 0, since h;; = 0 for the remaining artificial variables we keep
the same structure for step ¢ + 1. a

It is not difficult to show that in Theorem 3.4 we can change the ='s by
>'s and the Theorem is still valid. If we add the surplus variables we have an
initial Lasis with the surplus variable corresponding to d equals to -1. If we

. apply the dual Simplex method, it will behave like a top down search.
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